Abstract. The predissociation profiles of the R(0), R(1) and R(2) lines of the 3p
Introduction
It has been known for a long time that the levels v ≥ 3 of the 3p D 1 + u state of diatomic hydrogen H 2 are strongly predissociated by the vibrational continuum of the 3p B 1 + u state which correlates with the H(1 s) + H(n = 2) atomic states [1] . The interaction between the bound and the continuum states leads to broadening of the bound states which therefore have the character of resonances and appear with characteristic line profiles in the photoabsorption spectrum of ground state H 2 . This predissociation has been the first case in a molecule where asymmetric line profiles were observed of a type named after Beutler and Fano, who studied them in atoms experimentally and theoretically in the 1930's [2, 3] . Numerous experimental and theoretical papers have been devoted to the study of the D state predissociation resonances. Over the years, the spectral resolution has been improved and the theoretical methods used have been refined. However, practically all studies, whether experimental or theoretical, made use of Fano's well-known profile formula [4] , by determining or predicting the width and shape parameters in terms of which the formula is expressed. We mention here, in order to place our subject into a broader context, that the Fano profile formula has received some criticism in its time [5] because it does not leave the total transition probability invariant (as one should expect on general grounds), and EPJ Web of Conferences that the subject of time resolved Fano resonances associated with impulsive ionization by optical pulses has recently aroused interest [6, 7] .
The Fano formula [4] is a generalization of the familiar Breit-Wigner expression [8] for resonant scattering. It expresses the cross section as
Here, ( ) is the resonant (perturbed) cross section while c is the unperturbed "flat" continuum cross section, taken here as constant, and b is a constant background contribution. and q are dimensionless parameters defined, respectively, as
where is the reduced energy, E is the energy, E r is the resonance energy, and is the resonance width.
The shape parameter q is defined as the ratio of the unperturbed transition moments from the ground state 0 to the discrete level and to the continuum, d |D| 0 and c |D| 0 , respectively. Note that the continuum state c is energy-normalized and therefore has the dimension energy −1/2 whereas the discrete state d is normalized to unity. The extra factor ( 1 2 ) −1/2 that appears in the numerator of the expression (2) compensates for this, making q dimensionless.
In a preceding paper [9] we have shown that contrary to what implicitly had been assumed in most papers on the subject, the majority of the 3p D state resonances in H 2 are in fact "complex" resonances [10] resulting from many-level rovibronic interactions among Rydberg levels, and coupled to several continua of different type (ionization in addition to dissociation). This arises because for v ≥ 6 the 3p D structures are embedded in the often dense manifold of higher np and np levels and undergo rovibronic interactions with those. The Fano formula is designed to describe the interaction of a single isolated discrete eigenstate with a single flat continuum, and is obviously not appropriate for handling such situations. In many cases, however, the Fano formula may still be applied in a semi-quantitative fashion to the envelope of a "complex" resonance. Indeed, in some cases this has been done previously, as the complex nature of the resonances was simply not recognized due to insufficient spectral resolution or signal-to-noise ratio of the experiments.
By contrast, the lower vibration-rotation levels v ≤ 5 of the 3p D state are rather well isolated levels and unperturbed in the sense of traditional molecular spectroscopy (except, obviously, to the extent that they are strongly predissociated). While the levels corresponding to v = 0, 1 and 2 lie below the H(1 s) + H(n = 2) threshold and are not predissociated, v = 3, 4 and 5 are predissociated and are good candidates for testing the Fano formula in detail, by comparing measured and predicted line shape parameters. Recently new high-resolution absorption measurements have been made on the DESIRS beamline of the SOLEIL synchrotron where many of the D state predissociation resonances have been recorded with unprecedented spectral resolution [11] . We shall make use of some of these data in the present contribution, by specifically considering the 3p D N . Our predictions will be confronted in detail with the experimental data as well as with earlier calculations.
MQDT: The I + D approach
The theoretical approach employed here has been developed over a number of years and its formal aspects have been discussed in a series of papers [12] [13] [14] [15] [16] [17] . The approach is a combination of DR2013 frame-transformation multichannel quantum defect theory (MQDT) and R-matrix techniques. We call it "I+D" since it allows one to calculate not only predissociation processes, "D", but also their competition with molecular autoionization, "I", in situations where the total energy of the molecular system is higher than both the dissociation and ionization thresholds. Moreover, the theory accounts for non-adiabatic and/or electronic interactions that may take place among the dense manifolds Rydberg series of levels which are present at high excitation energy in any molecular system. Therefore the approach is not limited to the situation envisioned originally by Fano, but instead contains it as an extreme limiting case. We mention that the customary coupled differential equations ("CE") approach which is routinely applied to many problems of molecular dynamics by many research groups [18] , is of course also nonperturbative and not limited to the assumptions made by Fano. However, as far as we are aware it has never been extended to the treatment of ionization in addition to dissociation processes.
An interesting point in this context is the fact that the CE approach is implemented in terms of a selected set of clamped-nuclei potential energy curves or surfaces, complemented by non-adiabatic interaction functions which couple the Born-Oppenheimer states and account for perturbations as well as dissociation processes. The variant of the "I+D" MQDT approach implemented here also starts out from clamped-nuclei potential energy curves, but it converts these to equivalent clamped-nuclei quantum defect functions. The quantum defects then constitute the basis for a frame transformation procedure which -while leaving aside the customary non-adiabatic coupling functions -provides directly rovibronic reaction matrices which account for non-adiabatic coupling as well as decay into ionization continua.
In the present calculations the manifold of ( ) p (E, R) are the corresponding ion-electron scattering phase shifts which govern the molecular dynamics including ionization and dissociation processes. For the purposes of the present work these two functions have been extracted from state-of-the-art potential energy curves [19] [20] [21] for n = 2 − 4 as has been discussed in detail in the Appendix of Ref. [9] .
The present treatment of competing molecular ionization and dissociation processes is unified in the sense that the radial coordinate of the Rydberg electron, r, and the dissociative reaction coordinate, R, are treated on the same footing. Thus the concept of a "molecular core" is extended accordingly: it is defined by r < r c , R < R c , where r c corresponds to the range of the multipole and polarization long range fields of the molecular ion core, and R c corresponds, roughly, to the range of the molecular electronic ground and excited state potentials of the ion core. This latter parameter may be adjusted in accordance with the classical turning point of the vibrational level of the state of interest. Given the quantum defect functions, and for a selected value of R c , an "I+D" type calculation then proceeds essentially as follows. For R ≤ R c , i.e. inside the range of the molecular potential, a rovibronic electronscattering calculation is carried out in the framework of frame-transformation MQDT, whereby at the boundary R c a uniform boundary condition (logarithmic derivative) is imposed on all vibrational wave functions that enter the calculation. The choice of this boundary condition does not affect those vibrational components that are vibrationally bound and do not reach out to R c , typically for instance a 3p D, v, N level whose predissociation we are about to study. By contrast, the vibrational levels that are lying above a dissociation threshold or just below it are strongly affected by the choice of the boundary condition and/or the box size. Indeed, as the energy increases, they turn into particle-in-the-box states and, since a single fixed boundary condition has been imposed, their spectrum is discrete.
To the extent that these particle-in-the-box states are interacting with molecular levels that are confined to shorter R− values, these latter also end up being somewhat dependent on the boundary condition. Figure 1 shows how this happens. Here, instead of varying the boundary condition imposed at R c we have varied R c itself -that is, we have varied the box size -while keeping the boundary 04005-p. 3 EPJ Web of Conferences condition constant. (For instance, for the calculation shown in the figure all vibrational components were required to vanish at R = R c .) The quantity plotted is the energy of the 3p D, v = 3, N = 1 (negative total parity) level which is seen to exhibit a resonant pattern as functions of the value R c , that oscillates around some mean value. For comparison the figure also shows the experimental position of the 3p D, v = 3, N = 1 level from Ref. [11] , and it may be seen that its position corresponds, inasmuch as may be judged by eye, to the average value of the resonance pattern. Fig. 2 , whose nearest approach 2V is a measure for the discrete ∼ continuum coupling and therefore for the predissociation width.
An estimate of the dissociation width may actually be obtained by making use of Fermi's "Golden Rule":
where E −1 is the density of the levels belonging to the quasi-continua. A rough estimate of the level density E −1 may be obtained by just inspecting the quasi-level pattern shown in Fig. 2 . More properly, it is evaluated by use of the phase-amplitude Milne approach as implemented in Ref. [22] . This approach permits the evaluation of the phase (R c ) of the vibrational wavefunction, (R) ≈ (R) sin (R), associated with the potential of the 2p C dissociating state, accumulated between R = 0 and R = R c . This may be done for arbitrary energy E, that is, in the present case, the energy at which the avoided crossing occurs. By calculating the accumulated phase for two energies separated by an infinitesimal increment the rate of change of the accumulated phase may be obtained. The level density E −1 is the inverse of this quantity. Equation (3) has been used in Refs. [23] and [24] for the purpose of estimating predissociation widths, but in order to map out the details of the resonances and account for partial cross sections the full approach of Refs. [12] [13] [14] [15] [16] [17] must be implemented. This involves the proper continuation of the wavefunctions associated with the quasi-levels seen in Fig. 2 , into the asymptotic range beyond R = R c , using the full panoply of scattering theory. We do not discuss these aspects in detail here, but refer the reader to the references given.
Results
The I+D/MQDT calculations reported here have been carried out in the same manner as those published in Ref. [9] . The input data (quantum defects, channel dipole transition moments, H + 2 PE curve, ion core adiabatic corrections, mass correction to the quantum defects), the vibrational basis sets employed, as well as the numerical implementation are exactly as described there.
Fitting I+D/MQDT profiles with the Fano formula
From the work of Breit and Wigner [8] we know that near an isolated resonance the eigenphase energy, with the analytical dependence given by tan (E) = −( /2)/(E − E r ). The energy derivative *( )/*E thus corresponds to a Lorentzian centered at E r with a peak value 2/ and a width (FWHM). The knowledge of the phase therefore allows us to extract the resonance position E r and width directly from the excited state scattering wavefunction of the resonance without passing through the photoabsorption intensity profile. The latter may then be used subsequently to extract the remaining three parameters entering Eqs. (1) and (2), namely the non-resonant and resonant background cross sections b and c , as well as the shape parameter q. Figure 3b shows what is obtained when all parameters of the Fano profile formula are extracted by a least-squares procedure directly from the theoretical intensity line profile calculated by I+D/MQDT. The parameters obtained are again included in the figure. It may be seen that the theoretical profile perfectly fits the Fano line shape, to the extent that the two cannot be distinguished on the scale of Fig. 3b . The formal uncertainties are far smaller than the accuracy we can expect from our I+D/MQDT calculation as a whole. This means that for all practical purposes the R(0) v = 3 D state absorption profile may indeed be considered to be a Fano profile. Note also that the energy range over which we have fitted the I+D/MQDT profile is quite large as it spans a range of 50 units in terms of the reduced energy [Eq. (2)]. Interestingly, we find that the deviations in the wings of the resonance are larger than those in the center despite the fact that the intensity there is much smaller than in the center. On the other hand, the comparison of the resonance positions E r and widths derived in two different ways in Figs. 3a and 3b shows differences of about 0.02 cm −1 for both parameters which is not quite negligible in terms of the numerical accuracy achieved here (the accuracy of the quantum defects employed is another, independent, matter which does not come in here). Figure 4 extends this analysis to the R(1) and R(2) transitions. The quality of the fits of the I+D/MQDT profiles by Eq. (1) are similar to those obtained for the R(0) transition but the widths do again not correspond exactly to those derived from the energy dependence of the dissociation phase.
As a conclusion of this subsection -inasmuch as a conclusion may be drawn from just a few examples -it appears that, while the Fano profile formula provides a surprisingly accurate representation of isolated resonance shapes in a limited energy range, the parameters that go into it may have a slightly empirical character rather than a precise meaning in terms of quantum mechanics. In other words, the 04005-p.6 values of the parameters may not necessarily convey exactly the meaning they were given in Fano's original derivation [Eq. (2) ]. The comments on this point made by Comes and Sälzer [5] and Fano and Cooper [25] go more or less in the same direction.
Prediction of observed profiles with theoretical Fano parameters
In view of what has just been said it appears that the most conclusive test of theory is not so much to compare predicted resonance positions, widths and shape parameters with corresponding values derived from experiment, but to proceed by the inverse route, by directly comparing predicted spectral profiles with their observed counterparts. We do this in the following for the R(0) and R(1) transitions of the 3p
g , v = 0 transition which lie very close to each other and actually overlap in the spectrum. The most complete and accurate previous computations of these spectral lines where transition probabilities have been evaluated in addition to the predissociation process itself, are those of Beswick and Glass-Maujean [26] and Mrugała [27] . Both studies were based on the coupled equations (CE) approach, and in both papers the resulting profiles have been analyzed in terms of Fano's profile formula.
We compare the theoretical cross section Fano profiles with the Fourier transform absorption spectrum from Ref. [11] . To this end we take account of the temperature of 100 K used in that experiment, and the fact that no ortho ∼ para conversion occurs as the H 2 gas is cooled down rapidly from room temperature (see [9] for details). The relevant parameters for implementing Eqs. (1) and (2) may be taken directly from Table 1 of Ref. [27] . In the case of Ref. [26] only and q are given in numerical form, whereas c and E r had to be extracted from the positions and intensities of the Figure 5 . R(0) and R(1) resonance profiles of the 3p
, recorded on the DESIRS beamline at the SOLEIL synchrotron by Dickenson et al. [11] , are compared with ab initio Fano profiles obtained with the coupled equations (CE) approach by Beswick and Glass-Maujean [26] and Mrugała [27] and by the present I+D/MQDT approach. The theoretical spectra have been synthetized by assuming a H 2 gas temperature of 100 K with an ortho-para distribution corresponding to room temperature. peak maxima displayed in their Fig. 8 . According to Eq. (1), the position max and intensity max are given by
allowing us to obtain the desired parameters easily and quite accurately via Eq. (2) by setting b to zero. Based on these considerations, theoretical spectra have been synthesized by superposing the R(0) and R(1) Fano profiles. The comparison between the different theoretical predictions and the SOLEIL experiment is illustrated by Fig. 5 . The figure shows that the overall visual agreement between experiment and theory appears the better the more recent is the calculation. Note however, that the improvement concerns mainly the line positions, whereas the profiles as such were rendered essentially perfectly already by the computations made more than 25 years ago. The improved agreement of the line positions is no doubt due mainly to the fact that improved potential energy curves have become available more recently, such as used in the present calculations, which are based on the most recent ab initio data from Wolniewicz and coworkers [19] [20] [21] . In an earlier paper that dealt with the purely spectroscopic aspects of the H 2 absorption spectrum [28] -line positions of sharp lines essentially -we found that for low-n statesn = 2 and 3 -MQDT yields results that are comparable, but hardly better, than those obtained with the CE approach. This comparison was based on identical PEC input data from Refs. [19] [20] [21] . The advantage of MQDT is that it yields a global description of channel interactions over a considerable range of energies, extending into regions where complex perturbations among Rydberg series arise, autoionization enters into competition with predissociation, and the CE approach no longer offers a viable alternative.
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The peak intensities of the three calculations included in Fig. 5 agree to within about 10 %. As to the best of our knowledge no absolute intensity measurements exist for the transitions to the 3p D, v = 3 state, we have adjusted the experimental data by application of an overall scaling factor for the purposes of the comparison. This adjustment is somewhat biased as we have used our own calculation for the calibration. Our previous paper [9] has shown that for v = 6 and 8 where an absolute calibration of the SOLEIL spectra has been possible, our theoretical peak intensities match the experimental values to within a few percent.
We conclude this subsection by saying that the I+D/MQDT method implemented purely with firstprinciples input parameters is able to reproduce the v = 3 predissociation peak positions to within < 1 cm −1 and the lineshapes with very high accuracy. The parametrization in terms of Fano's line shape formula leads to no loss of accuracy.
Conclusion
We have examined first principles coupled equations (CE) [26, 27] and multichannel quantum defect theory (I + D/MQDT, present work) predictions for the 3p D (2) predissociation resonances. We have found that they can be parametrized perfectly in terms of the Fano line shape formula Eq. (1). The test was carried out over a range of ≈ 100 cm −1 in each case, corresponding to a multiple of the resonance width. The experimental line shapes of these transitions, recorded recently under high resolution at the SOLEIL synchrotron [11] , are very well reproduced by all three computations, but the resonance positions are rendered best by the present calculations.
